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Paper I — ALGEBRA

Time : Three hours Maximum : 100 marks
Answer any FIVE questions.

All questions carry equal marks.

1. (a) Let ¢ beahomomorphism of G onto G with kernel K then G/K ~G .

(b) Let G be a group and ¢ automorphism of G if aeG 1is of order O (a) >0 then
0(¢(@)=0(a).

2. (a) If P is a prime number and P /O (G) then G has an element of order P.

(b) State and prove second Sylow’s theorem.

3. (a) Suppose that G is the internal direct product of N,,---, N, then for i=J, N, "N, =(e)
andif a e N;,be N; then ab=ba.

(b) Prove that every finite abelian group is the direct product of cyclic groups.

4. (a) @) Prove that a finite integral domain is a field.

(i) If P is a prime number then o, the ring of integral mod P, is a field.

(b) Let R bea Euclidean ring and a,be R, if b= 0 is not a unit in R then d (a) <d (ab).

5. (a) If P isa prime number of the form 4n +1 then P =a” + b? for some integers a, b.

(b) If f(x), g (x) are two non Zero elements of F (x) then
deg(f (x) g (x)) =deg f (x) + degg (x).
6. (a) Theelement a e K is algebraic over F if and only if F (a) is a finite extension of F'.

(b) If P (x) is a polynomial in F [x] of degree n >1 and is irreducible over F' then there is an

extension E of F, such that [E : F]=n in which P (x) has a root.

7. If K is a finite extension of F then G (K, F) is a finite group and its orders O (G (K, F))
satisfies O (G (K, F)) <[K : F].

8. (a) If P(x)eF [x] is solvable by radicals over F then the Galois group over F of P (x) is a
solvable group.

(b) Prove that it is impossible to trisect 60° by straight edge and compass alone.



9. (a) State and prove Schreier’s theorem.

(b) Show that a linear map of a lattice L into a lattice L' is a lattice isomorphism if and only
if it and its inverse are order preserving.

10. (a) Derive the dimensionality equation d (a v b) =d (a) + d (b) —d (a A b) for modular lattice.
(b) In Boolean algebra
[B, +,-,'] show that
D xvyarx'vy =@ Ay vxay)

1) (x.y' +y2)(xz+y2)=xz
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11. (a) Prove that every infinite subset of a countable set A is countable.

a

c
(b) Let {E,} be a collection of sets E,. Then prove that [U EQJ = ﬂ (Eg)

12. (a) Suppose K c Y < X. Then prove that K is compact relative to X if and only if K is compact

relative to Y.
(b) Define Cantor set. Prove that Cantor set is perfect.

13. (a) Prove that the sub sequential limits of a sequence {p,} in a metric space X form a closed
subset of X.

(b) If Xa, is a series of complex numbers which converges absolutely, then prove that every
rearrangement of Xa, converges, and they all converge to the same sum.

14. (a) Prove that a mapping f of a metric space X into a metric space Y is continuous if and only if
£ (V) is open in X for every open set Cin Y.

(b) Let f be a continuous mapping of a compact metric space X into a metric space Y. Then
prove that fis uniformly continuous on X.

15. (a) Define Riemann-Stieltjes integral. If P is a refinement of P, then prove that
L(P,+,a)<L(P",f,a).

(b) If fis monotonic on [a, b] and if ¢ is continuous on [a, b], then prove that f € R(«a).



16. (a) Suppose fe R(a) on [a,b], m<f<M,¢ is continuous on [m, M] and h(x) = ¢(f(x)) on
[a, b] . Then prove that h € R(a) on [a, b].

(b) State and prove the fundamental theorem of calculus.

17. (a) Suppose f, > f uniformly on a set E in a metric space. Let x be a limit point of E and
suppose that lim f, (t) = A4, (n =1, 2, 3, ---). Then prove that {A,} converges and lim f(f)=1im A, .
t—>x t—>x n—o

(b) If Kis a compact metric space, if f, € C(K) for n=1,2,--- and if {f,} converges uniformly

on K, then prove that {f,} is equicontinuous on K.

18. State and prove Stone-Weierstrass theorem.

19. (a) If feZ(u) on E, then prove that | f| € Z(u) and

[ fau| <[ 1f1du.
E E

(b) State and prove Lebesgue's dominated convergence theorem.

20. (a) If feZ?(u) and g € Z?(u), then prove that f + g€ Z*(w) and ||f + g| <|f]|+ | 2]

(b) State and prove the Riesz-Fischer theorem. Wk 7

(DM 03)
M.Sc. (Previous) DEGREE EXAMINATION, DECEMBER 2008.

First Year
Mathematics

Paper III — COMPLEX ANALYSIS AND SPECIAL FUNCTIONS AND PARTIAL
DIFFERENTIAL EQUATIONS

Time : Three hours Maximum : 100 marks
Answer any FIVE questions choosing atleast Two from each Part.
PART A

21. (a) Show that

(1—2xz+22)_é = iz” P(x), |x <1, |¢]< 1.

n=0

(b) Prove that

+1
J.Pm(x)Pn(x) dx=0ifm=n.
-1

22. (a) Prove that

+1
[l =1) By Py dx = 2n(n +1)
(2n +1)(2n + 3)

(b) Prove that
*-1) QP - PQ,)=C.

23. (a) Prove that



4
dx
(b) Show that

@) J 4(x) (ij (‘ 08X sin xj

o @)} = " L R).

3 X x
.. 2\ (sinx
(1) Jg (x) — o cos xj .

2
24. (a) Find f(z) such that
((yz +2° —xz)/Zx) dx—ydy+ f(z)dz = 0 is integrable. Hence solve it.
(b) Solve

(yzz -y + xzy) dx — (xzz +x® - xyz)dy +
(%y — 2y?)dz = 0.

25. (a) Solve
2zx — px* — 2qxy + pq = 0.
(b) Solve
pt—qs = q3.
PART B

26. (a) Establish the correspondence between the points of unit sphere S and the extended plane

(b) State and prove the chain rule.

27. (a) If Gis open and connected and f: G — C is differentiable with f'(z) = 0 for all z in G,

then prove that f is constant.

() If f: G — C is analytic, then prove that f preserves angles at each point z, of G where
fl(z,)% 0.

28. (a) If yis Piecewise smooth and f : [a, b]—> C 1is continuous, then prove that

[rar = [y 0ar

(b) If f be analytic in B(a;R), then prove that f(z) = > a,(z —a)" for |z—a| < R where

n=0

1 . . .
a, = — f"(a) and this series has radius of convergence > R.
n!

29. (a) State and prove fundamental theorem of algebra.



(b) If G is simply connected and f : G — C is analytic in G then prove that f has a primitive
in G.

30. (a) State and prove Casorati-Weierstrass theorem.

(b) Show that for a > 1

T do __ 7
ca+cosd  \fg2_1
wk 7
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PART A

31. (a) Show that
1
(1 - 2xz + 22)_5 = Zz” P(x), ¢ <1, |¢]< 1.
(b) Prove that

+1
J.Pm(x)Pn(x) dx=0ifm=n.
-1

32. (a) Provethat

+1
[l =1) By Py dx = 2n(n +1)
(2n +1)(2n + 3)

-1
(b) Prove that
(*-1) @P - P@;)=C.
33. (a) Provethat
d
dx
(b) Show that

@) J 4(x) (ij (‘ CO8Y _ sin xj

B e X

(i) 7, (x) (3) (Smx _ cos x)

5 X X

o d,@)) = " L R).




34. (a) Find f(z) such that
((y2 +2° —xz)/?x) dx—ydy+ f(z)dz = 0 is integrable. Hence solve it.
(b) Solve

(yzz -y + xzy) dx — (xzz +x® - xyz)dy +
(%y — 2y?)dz = 0.

35. (a) Solve
2zx — px? — 2qxy + pq = 0.
(b) Solve
pt—qs = q3.
PART B

36. (a) Establish the correspondence between the points of unit sphere S and the extended plane

(b) State and prove the chain rule.

37. (a) If G is open and connected and f: G — C is differentiable with f'(z) = 0 for all z in G,

then prove that f is constant.

() If f: G — C is analytic, then prove that f preserves angles at each point z, of G where
fl(z,)% 0.

38. (a) If yis Piecewise smooth and f : [a, b]—> C 1is continuous, then prove that

[rar = [ rorwa

(b) If f be analytic in B(a;R), then prove that f(z) = > a,(z —a)" for |z—a| < R where

n=0

1 . . .
a, = — f"(a) and this series has radius of convergence > R.
n!

39. (a) State and prove fundamental theorem of algebra.

(b) If G is simply connected and f : G — C is analytic in G then prove that f has a primitive
in G.
40. (a) State and prove Casorati-Weierstrass theorem.

(b) Show that for a > 1

Td@

o
ca+cosh g2 _1



(DM 04)
M.Sc. (Previous) DEGREE EXAMINATION, DECEMBER 2008.

First Year
Mathematics
Paper IV— THEORY OF ORDINARY DIFFERENTIAL EQUATIONS
Time : Three hours Maximum : 100 marks

Answer any FIVE questions.

All questions carry equal marks.

41. (a) Let ¢, ¢,, - @, be n solutions of L(y) =0 on an interval I, and let x, be any point in I then

X

W(p,, - ¢,) (x) = exp [_J. a, (t) dt] w(py, Py, @,) (%) -

1]

(b) One solution of x®y"” —3x%y"” + 6xy' —6y=0 for x>0 is ¢, (x) = x. Find a basis for the

solutions for x > 0.

2
on+1

1
42. (a) Show that j P2(x) dx =
-1

(b) Let ¢,,¢,,---4, be the n solutions of L(y)=0 on I satisfying ¢i(e_1) (x5) =1
o' V(x,)=0 J 21 if ¢ is any solution of L(y)=0 on I there are n constants ¢, ---¢, such that

n
¢:cl¢1 +'“+cn¢n'

43. (@) (1) Find the solution of y' = 2y''? passing through the point (%9, ¥o) Where y, >0.

(i) Find all solutions of y' = 2y"/?

passing through (x,, 0).
(b) Consider the initial value problem y =3y +1 y(0)=2. Show that all the successive

approximations ¢,, ¢,,--- exist for all real x.

44. (a) State and prove Lipschitz condition and give example which satisfies Lipschitz condition;
which does not satisfies the Lipschitz condition.
(b) Let M, N be two real-valued functions which have continuous first partial derivatives on
some rectangle R:|x—-x,1<a, |y—y,| b. Then the equation M (x,y)+ N(x,y) y' =0 is exact in
oM oON

R if and only if — =— in R.
oy 0Ox

45. (a) A particle of mass m moves in a plane, and is attracted to the origin with a force
proportional to its distance r from the origin. Thus if F (r) = — K?mr (K > 0) in

mx'" = £F(r)
r

1]

my' = lF(r) the equations
r
m[r” - r(Q')z]: F@)
m[2r'0' +r0"]=0
become x"' =—- K%x, y"=—-K?%y.
(1) Show that the path of the particle is an ellipse, it is satisfies the initial conditions
x(0)=a x'(0)=0, y(0)=0,y"(0)=b (a,b>0)

(1) Compute the period of the motion.
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(b) Find a solution ¢ of y" =— ZL satisfying ¢(0) =1, ¢'(0)=1.
Yy

46. (a) Let ‘/ be a continuous vector valued function defined on 6 : |x —x,| a, |lyl<a (a>0)

and satisfy there a Lipschitz condition then the successive approximations |¢, | for the problem

¥ =f(x,), y(xg) =y, (¥, | <o) exit |x —x,| a and converse there to a solution ¢ of this problem.
(b) Consider the linear system
Y1 =ay, + by,
Yy = €Y+ €Yy

where a, b, c,d are constants show that this system always has a solution ¢ of the form

#(x) =e™a, where a =(a;, a,) # (0, 0) is a constant vector, and r is a constant.

47. (a) Find the function Z(x), K(x) and m(x) such that

z(x) [xzy” - 2xy' + Zy] = % [K (x) y' + m(x)].

(b) Find the general solution of the equation y' = % +aly? — &7
x
48. (a) Write the Riccatie equation find it solution.
(b) (1) Write Abe's formula.

(1) Write the Green's function for the second order linear homogeneous differential
equation. Prove that it is symmetric in it arguments construct the Green's function for the equation
y'—4y' +4y=0.

49. (a) State and prove Strum Picone theorem.

(b) State and prove Bocher Osgood theorem.

50. (a) Let r(x) be positive and suppose that r(x) and P(x) are continuous on the interval

0

0 < x <o if the two improper integrals J. % =+ o0 J. P(x) dx =+ then prove that every solution
r(x
1

y(x) of [r(x) y]' + P(x)y = 0 vanishes infinitely often on the interval 1 < x < o0,

(b) State and prove Liapunov's inequality.




